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Role of time delay and harvesting in some predator-prey communities with
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ABSTRACT

We propose four predator-prey models: RM (Rosenzweig—MacArthur) model, BD model (RM type
model with Beddington-DeAngelis functional response), RMI model (i.e., RM model with intraspe-
cific competition among predators) and BDI model (BD model with intraspecific competition
among predators). Each model incorporates time delay in the predators’ numerical response. We
first analyse the delay-induced stability for all the models. We show that increasing delay always
destabilizes a coexisting stable equilibrium in RM and BD models. However, increasing delay does
not always destabilize a stable equilibrium in RMI and BDI models. Indeed, the stable equilibrium,
in the latter two models, may also maintain its stability due to varying delay. Thus, one of the major
conclusions is that the invariance property of the local stability in RMI and BDI models is due to the
influence of intraspecific competition. Analytically, we prove that stability switching is impossible
to occur in all the models. Later, we implement harvesting of the prey and predator separately,
which may generate stability switching. If populations oscillate in the unharvested system, exten-
sive effort has a potential to stabilize the equilibrium. Under the same natural condition (unhar-
vested situation), prey harvesting and predator harvesting may produce opposite dynamic modes.
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1. Introduction course of predation process, the time wasted upon
encounters with other predators is the main source of
deriving Beddington-DeAngelis functional response
[5]. Time lags occur in many physical, mechanical and
engineering disciplines including population dynamics
models [7]. Therefore, to capture more realistic
features of ecological systems, researchers incorporated
the time delay factor in mathematical models.
Mathematical models in ecology involves time delay in
the growth rate of prey species [8-10], predator func-
tional response [8,11], dispersal term [12-14], etc. These
contributions established the mathematical conditions
for the permanence of the systems, global stability, the
periodicity of the solutions, existence of Hopf bifurca-
tion, stability switching, etc.

Chen and You [15] concentrated on the permanence,
extinction and periodic solution of the system with
Beddington-DeAngelis functional response and stage
structure for prey. It is shown by Liu [16] that increasing
the delay always causes Hopf bifurcation in a modified
Leslie-Gower predator-prey model incorporating
Beddington-DeAngelis functional response. Li et al.
[17] developed predator-prey dynamics with stage
structure for prey populations where time delay plays

Investigating the dynamical relationship between prey
and predator has been of utmost importance in popula-
tion dynamics. It is the interaction between the preda-
tors and preys that dictates the nature of the system. To
explore the dynamics of the predator and prey, several
types of mathematical models have been proposed [1-
4]. One of the crucial components of the predator-prey
relationship is the predator’s feeding behavior upon its
prey. This fact is modeled by considering different func-
tional and numerical responses. Although Holling type
I and II functional responses are widely studied to
explain many ecological results, Beddington-
DeAngelis functional response [5,6] have become
more popular in the last few decades as it reflects pre-
dators’ interference during the predation process. The
main reason behind considering Beddington-
DeAngelis functional response for the predation is due
to its generality. The Holling type II response can be
derived as a particular case in the absence of mutual
interference between predators. Predator-prey models
with Beddington-DeAngelis functional response could
display more complex dynamics in comparison to the
models involving Holling type II response. During the
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arole in the transition of immature prey to mature class.
A geometric method was applied to show the existence
of stability switching in the system dynamics. Li et al. [9]
found the existence of multiple stability delay intervals,
i.e., stability switching phenomenon in a two species
model. Dubey et al. [18] have established a global stabi-
lity result in a predator—prey system under two discrete
time delays. Conditions for local stability and global
stability of the feasible equilibrium are derived by
Maiti et al. [19] in a delayed stage structure predator—
prey system involving Crowley-Martin-type functional
response. A predator-prey model with Allee effect,
intraspecies competition and double-delay has been
studied by Banerjee et al. [20]. They identified the
appearance of a subcritical Hopf bifurcation due to the
time delay in the presence of combined influence of
intraspecies competition in the predator and Allee
effect. A delayed model of predator and prey (with
Allee effect) has been investigated by Anacleto and
Vidal [21] to show the existence of stability switching
analytically and establish the direction of Hopf bifurca-
tion with respect to time delay. They have found that the
delay due to the gestation period can be effected by the
Allee effect, leading to a stability switching around the
coexisting equilibrium. Mondal and Samanta [22] have
considered a predator-prey model with Crowley-
Martin functional response with two time delays, viz.,
logistic delay and gestation delay. They claimed through
numerical simulations that gestation delay cannot
destabilize the system. Barman and Ghosh [14] formu-
lated a two-patch predator-prey model by combining
density-dependent and density-indepndent dispersal. It
was shown that increasing time delay in dispersal could
stabilize (destabilize, respectively) an unstable (stable,
respectively) coexisting equilibrium and even induce
switching of stability.

Relatively less attention has been paid in investigat-
ing the explicit effects of harvesting in models incorpor-
ating time delays. It is of importance to understand the
dynamic mode of several models in the context of fish-
ery and biological pest control theory prior to harvest
and introduction of control tactics, respectively. Thus,
we focus on addressing the possible dynamic mode of
predator—prey systems under varying time delay and
effort exerted on harvesting. Kar and Pahari [23] devel-
oped a delayed predator-prey model combined with
Beddington-DeAngelis functional response. The preda-
tor was subject to harvesting. It was observed that time
delay causes stability switching. They also found, by
computing the numerical solutions of the model
ODEs, that harvesting destroyed cyclic dynamics.
A similar model was proposed by Qu and Wei [24] to
present more analytical results. They successfully

proved that appropriate choice of effort prevented the
cyclic dynamics of the system, and unstable solutions
approach a stable steady state. Meng et al. [25] studied
the combined effects of harvesting and time delay on
predator—prey systems with Beddington-DeAngelis
functional response where the delay is in the predator
growth term. Two time delays and predator harvesting
are modeled by Zhang et al. [26] to show the stability
switching in system dynamics due to time delay. Collera
[27] have investigated a delayed model consisting of an
intraguild predator and an intraguild prey sharing
a common basal A delayed density-
dependent term and constant quota harvesting were
incorporated in the basal resource. The author found
that multiple stability switching occurs at one of the
coexisting equilibria. Roy et al. [28] studied the
Holling-Tanner model having Beddington-DeAngelis
functional response under prey harvesting and gesta-
tional delay involved in predation. Pal et al. [29] have
studied the effect of delay and harvesting in a predator-
prey model with Holling type II functional response and
found that an imprecise parameter set plays an impor-
tant role in the stability. Caraballo et al. [30] have
considered different predator-prey models with non-
linear harvesting terms along with constant delay or
distributed delay. When the constant (distributed,
respectively) delay is varied, they found a stability
switching  (stability  change, respectively) of
a coexisting equilibrium. Liu and Huang [31] repre-
sented the effect of harvesting in a predator-prey
model with Holling type IV functional response. They
discussed the bionomic equilibrium, the maximum sus-
tainable total yield (MSTY), and the optimal harvesting
strategy into the model. Jana and Kumar Roy [32] have
taken into account two types of delays, viz., negative
feedback delay of prey and gestation delay of predator in
a Holling-Tanner model with Beddington-DeAngelis
functional response. The dynamics have been explored
due to the varying delays, while harvesting efforts were
kept fixed in the nonlinear harvesting terms. Very
recently, Majumdar et al. [33] have proved the existence
of Bogdanov-Takens bifurcation in predator-prey
model subject to Holling type III functional response
and nonlinear harvesting strategy.

Several studies have investigated whether harvest-
ing can stabilize (destabilize) a steady state for several
population dynamics models having linear as well as
Holling type II functional responses [34-36]. It was
observed that the results for delayed and non-delayed
models differ significantly. A two-patch predator—prey
model with delayed population harvesting strategy has
been proposed by Pei et al. [37]. They provided several
sophisticated mathematical tools and numerical

resource.



simulations for achieving optimal vyield. It was
reported that larger delay can reduce harvested bio-
mass. Recently, Barman and Ghosh [36] studied a class
of predator-prey models incorporating time delay in
logistic terms of prey growth with linear and Holling
type II functional response. They proved that stability
of the equilibrium cannot be preserved when time
delay is increased. This result contradicts with the
earlier work by Martin and Ruan [8]. In addition,
they explicitly established the harvesting induced sta-
bilization results. We would like to take this theme
forward when time delay is linked with the predation
process in different predator-prey systems. Several
publications discussed about instability and stability
switching in delayed population dynamics models.
However, the role of crowding effect and distinct
functional responses are not explicitly shown in result-
ing stability switching and instability. In addition, the
validity of delay induced stability switching in other
systems involving crowding effects among predators
would be addressed. Once delay induced dynamics is
analyzed, we study the impact of prey and predator
harvesting. Martin and Ruan [8] and Kar and Ghorai
[38] have shown that harvesting can stabilize equili-
brium, which was unstable prior harvesting. However,
they concluded it by computing the time response of
the populations for a suitable effort. It does not pro-
duce a complete scenario for other efforts. We pay
attention to provide the results for the effective range
of effort. Moreover, Kar and Pahari [39] noted that
increasing effort either on prey or predator enhances
the stability of the equilibrium. We attempt to exam-
ine if intermediate effort can bring instability. We also
verify if stability switching occurs due to harvesting
effort in several systems. Some scholarly articles
[26,28,30,40,41] proved many mathematical properties
of the model under time delay and harvesting, but
explicit effects of harvesting were not explained.
Therefore, our study makes a more complete analysis
addressing the above queries and generates new results
in population dynamics models.

This paper is structured as follows: In Section 2, we
describe the general model and derive some other
ones with appropriate parameter value. Section 3 is
devoted to establish the different dynamic modes of
the models, with mathematical conditions, by consid-
ering time delay as the control parameter. We explore
the influence of population harvesting, in the context
of stability nature of the equilibrium, for each models,
with fixed time delay in the unharvested systems, in
Section 4. Finally, we summarize our results, includ-
ing some comparisons with the earlier literatures, in
the last section.
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2. Model overview

We consider a predator-prey model with Beddington-
DeAngelis functional response [5,6,42] as follows:

L x(t—T)
y = y(_d 4 + m1+m2x(ftfr)+m3y(t7‘r)>’

where x(¢) and y(t) denotes the prey and predator
populations at time #; a and d denote the intrinsic
growth rate of the prey and specific mortality rate of
the predator, respectively; b and y are the intraspecies
competition coeflicients of the prey and predator,
respectively; ¢ is the capturing coeflicient during pre-
dation; and f = ch ,where h is the conversion coeffi-
cient in the predation process. Here, 7(>0), involved
in the numerical response function for the predator,
is the time delay in the conversion of prey to pre-
dator. We assume that the initial population always
satisfies  x(0) = ¢,(0)>0, y(0) = ¢,(0)>0 for 0¢
[-7,0] and ¢ = (¢.$,) € C(I-,0,, R2).
delay can occur in the numerical response function
in different forms with proper biological meanings
([8,43], and references therein) in population
dynamics models. The parameters m, and mj; are
linked with handling time for prey capturing by pre-
dator and mutual predator interference, respectively.
The parameter m,; is the measure of abundance of
prey and predator densities relative to their interact-
ing environment.

Continuous-time model is prefered when popula-
tions survive many years and reproduce several times.
In our continuous-time model, we incorporated discrete
delay. On the other hand, discrete-time models play an
important role in population dynamics when species
possess non-overlapping generations. Likewise, contin-
uous-time model, discrete delay factors have also been
incorporated in discrete-time systems [44-47].
A detailed analytical and numerical bifurcation analysis
has been explored by Kot [44] and Yousef et al. [46]
when a delayed density dependence is in action among
prey species in a predator-prey system. Neverova et al.
[45] and Yousef [47] successively studied Moran-Ricker
models in the presence of delayed density dependent
birth rate to demonstrate very rich and complex
dynamics. Interested readers can read more references
cited in these articles.

Now, we define four different models without delay
as follows:

1. RM model: The Rosenzweig-MacArthur preda-
tor-prey model is derived from system (1) by consider-
ing Holling type II functional response and no
intraspecific competition (y = 0).

Time
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2. BD model: The Beddington-DeAngelis predator-
prey model is derived from sytem (1) by incorporating
Beddington-DeAngelis functional response and no
intraspecific competition (y = 0).

3. RMI model: This is the RM model with intraspe-
cific competition (y>0).

4. BDI model: This is the BD model with intraspe-
cific competition (y>0).

Separately, we study the dynamics of the above mod-
els under varying time delay and harvesting effort in
successive sections.

3. Model dynamics under time delay

This section deals with the stability analysis of the sys-
tem (1) under varying time delay. We establish the
system dynamics around steady state by considering
time delay as the control parameter. Such an analysis
can be performed by linearizing the delayed nonlinear
system around the fixed point.

We will focus on the system where both the species
coexist at equilibrium. The conditions on parameters
are derived in order to prove the existence of such an
equilibrium. In addition, we investigate the model when
unique positive equilibrium exists. Let (x*,y*) be the
interior equilibrium of the system (1), which must
satisfy the equations:

(a—bx")(my + myx* +m3y") —cy* =0, (2)

(=d —yy")(my + myx* + msy*) +fx' =0. (3)
Now, equation (2) yields

*

(a — bx*)(myx* + my)
(c — mza) + bmsx*

Then, any of the following conditions needs to be met
for the existence of interior equilibrium:

1.Cl: ¢ > mzaand 0 < x* < 7.

2. C2: c<msa and %;C <x*<¢.
From equation (3), we get

ymgy*z + (ymy + dms + ymx™)y*
—[(f —dmy)x" —dm] =0,

which clearly implies that y*>0 if
(f — dmy)x* — dm, >0, irrespective of the presence of
y and m;.

Thus, combining equations (2) and (3), we get, x* >0
and y*>0 if and only if (f — dmy)a/b>dm;.

Since the condition for the existence of interior equi-
librium is not affected by the presence of y and mj,
henceforth, all the four models, viz., RM, BD, RMI and
BDI, have interior equilibrium if and only if

(f — dmz)g >dm.

Following [42], the linearized version of the system (1)
about the interior equilibrium (x*, y*) reads as

X' = —px*X(t) — gx"Y(1),

Y = -1y X(t = 1) = Siy"Y(t — 1) — Sy Y (1), W

where

cmyy*

p=>b-

(my + myx* + m3y*)2 ’

c(my + myx®)

(my + myx* + m3y*)2 ’

—f(my + msy”)

r= 5
(my + myx* 4+ may*)
S — fmsx*
1 — 9
(my + myx* + mgy*)2
Sz =Y.

The expressions and signs of the above quantities will
be different based on models considered. The character-
istics equation corresponding to the linearized system is
obtained as

A+ o)+ ade ™ 4 a3 4+ ae " =0, (5)
where

a; = px* + Sy,
a = 51)’*7
as = pSx"y",

ag = (pSy — qr)x"y".

The local stability analysis of the nonlinear models
can be determined from the equation (5). It is custom-
ary to set the system dynamics, without time delay, to
a stable steady state in order to establish the delay
induced stability changes. Therefore, we first derive the
conditions that impose local stability of the equilibrium
for the non-delay models.

When 7 = 0, equation (5) becomes

A+ (a; +ax)d +as+a, =0. (6)



It is well known results that all four models above, in the
absence of time delay, can experience either cyclic
dynamics or a globally stable steady state. The necessary
and sufficient condition for the local asymptotic stability
of the unique equilibrium is

a; +a,>0and az + a,>0.

We assume that the non-delay models are in stable
steady state mode and then examine the impacts of
varying time delay on system dynamics. If the dynamic
behavior is altered with time delay, then

(i) at least one pair of the eigenvalues corresponding
to the equation (5) must achieve the form + iw (w>0)
for some critical 7, and

(ii) furthermore, a slight increase value of 7 can lead
positive real part of the said pair(s) of eigenvalues.

We assume that the above situation is possible, and
then, A = iw must satisfy equation (5). After plugging
A = iw and by separating the real and imaginary parts,
we obtain

— @ + awsin(wt) + ag cos(wt) + a3 =0,  (7)

a1w + ayw cos(wt) — ay sin(wt) = 0. (8)

Successively squaring and then summing equations (7)
and (8), we get

w* + (a} — a5 — 2a3)w* — a; + a3 = 0. 9)
Therefore, one can find
21

w =
2

V(@ — @ +2a) — 4(a3 - a3)].

The stability analysis can be established by computing
the positive values of w. Now, we will study explicitly the
delayed RM, BD, RMI, and BDI models for its dynamics
under varying time delay in the succeeding subsections.

(a5 — a; + 2a3)+

(10)

3.1. Delayed RM model

In the RM model (i.e., when m3; = y = 0), the interior
equilibrium point of the model can be obtained expli-
citly and is given by

mlf

o) = (P (o ) ()

The linearized system about the interior equilibrium is
given by equation (4) with §; =S, =0. Hence,
a; = az = 0. So, the characteristic equation associated
with the linearized system reduces to

2+ a)d+ae M =0. (11)
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Henceforth, equation (10) yields

1
wz—i[—a%i\/a‘f—l—wﬁ}.

Only one positive w = w, can be obtained from (12).
Hence, equation (11) has only one pair of purely

imaginary root for some critical value(s) of 7. The values

of critical time delay T]-*‘s can be obtained by substitut-

(12)

ing w? in equation (7), which are calculated as follows:

1 w? 2jm
T :—arccos<—+> +]—,j:0,1,...

] (13
w4 ay w1

Since the equilibrium was asymptotically stable for
7 = 0, it maintains the stability for T<7;. At T = 7,
a Hopf bifurcation occurs. We would like to know the
stability nature of the equilibrium when the time delay
increases through 7 = 7.

To examine if the eigenvalues change their signs for
7> 1, , we verify the transversality condition,

d
a RC(/\) |T:Tj+ >0.

Differentiating (11) with respect to 7, we obtain

dA
(Z)L +a; — a4re*’“) — —ae M =0. (14)
dr
Thus,
_1 T
A A +a)e 1 (15)
dr Aay A
where
r 04
4 a)
Now,

= sign { Re {%} A=iw }

e 202 —at
= sign{ Re|——L
& Bw? + w!

= sign{Re [sz - aﬂ } >0.

The last inequality follows from equation (12). It sug-
gests that the same pair of eigenvalues has positive real
part when it crosses 7 = T;r. Therefore, the equilibrium

is always unstable beyond 7 = 7.
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As a conclusion, we establish that the stable steady
state certainly experiences instability when time delay is
increased. Neither (i) the coexisting equilibrium
remains stable for any 7>0 nor (ii) the system experi-
ences stability switching under any parameter condi-
tion. We acknowledge the work by Martin and Ruan
[8] [see their model (3.1)] who found that the coexisting
equilibrium remains stable when the time delay is less
than a critical threshold and the coexisting equilibrium
gets destabilized when the time delay is superior to the
critical threshold. However, delay-induced stability
switching is impossible to occur.

Interestingly, Li and Takeuchi [42] studied
a predator-prey model with Beddington-DeAngelis
functional response and intraspecific competition
among predators. They incorporated the time delay
factor in the numerical response function. They realized
that three kinds of dynamics are possible in the delayed
model as follows.

(i) There is a situation for which time delay cannot
change the asymptotic stability of the equilibrium.

(ii) A suitable condition on parameter space can
develop delay-induced instability around the steady
state.

(iii) Stability switching can also be observed under
certain parameter conditions.

Clearly, two additional stability behaviors (i) and (iii)
do not occur in RM model as we have just discussed.

Therefore, one of the following must be responsible
for creating the two additional dynamics:

(a) Beddington-DeAngelis functional response,

(b) intraspecific competition among predator,

(c) both (a) and (b)

We are curious to identify the key factor(s) develop-
ing such stability modes. We now address this issue by
considering the following three models.

3.2. Delayed BD model

First, we only incorporate the Beddington-DeAngelis
functional response, which is the delayed BD model
(y = 0). The linearized system around the coexisting
equilibrium will follow equation (4) where S, = 0. As
a consequence, a; = 0. Thus, the characteristic equa-
tion, in this case, reduces to

A+ ad+ ade M +ae M =0.

Using the similar arguments, as explained earlier, we
determine

¢ =3|@-d @y raa). a9

Thus, a positive
from (16).

This verifies the existence of a pair of imaginary
roots of the characteristic equation (5). Substituting w?
in equations (7) and (8) corresponding to the BD model,
we find the values of the critical time delay T;—)S as

o L (B B g

7 = —arccos
I wy aj + a3wi w4

solution w = w, is computed

for which Hopf bifurcation appears.
Differentiating the characteristic equation with
respect to 7, we obtain

(Z)L +a; 4 a(1—1A)e ™ — aﬂe‘“) %
— (Aay +ag)he™ =0.
Thus,
—1 T
o (2A + ap)et n a; T (17)
dr /\(/\az + 04) /\(Aaz + 614) A
where
v —(ad +as)
e =—5— .
A+ ad
Now,

= sign{Re [%] o +Re [m} Aziw}

ond R 20 —a? LR —a’
= sign{ Re| 5——— el55—3
8 aw? + w* aiw? + a}
= sign{Re [sz —aj — ag] } >0.

Therefore, when time delay 7 < 7, the equilibrium is in
stable state; a Hopf-bifurcation occurs when 7 = 7]; and
instability persists in the system beyond 7 = 7. We would
also like to mention that Liu and Yuan [48] have reported
the same mode. Thus, we conclude that exactly the same
dynamics occurs in both the RM and BD models under
time delay. One might think that invariance of asymptotic
stability and stability switching can be an effect of the
intraspecific competition term. Therefore, we now study
the RM model with intraspecific competition among
predators.



3.3. Delayed RMI model

The delayed RMI model is given by the equation (1)
with m3; = 0. In this case, S; = 0, and hence, a, = 0.
The characteristic equation of the system reduces to

A+ ad+as+ae=0.

The above equation produces

w? :% {(—a? + 2a;3) + \/(—Lﬁ +2a3)" — 4(a2 — a?)|.
(18)

We have to determine the signs of the right-hand side
expression of the above equation. Here

- a% +2a; = —(px" + Szy*)2 +2pSx"y”

= —(px")* — (S2°)? <.

Hence, the positive w = w, if exists, can be found from

1
w? = 3 {(—a? + 2a;) + \/(—a% +2a3)" — 4(a — a?)|.
The values of the critical time delay Tj*’s can be deter-
mined by substituting w%r in equations (7) and (8) and
are given by

1 w* —a 2jm
77 :—arccos<+73) +]—,j=0,1,--~
7wy ag

Similar to the previous section, we get the transversality
condition

d

I Re(A) |T=Tj+ >0.

Since, there exists at most one positive value of w, no
switching of stability occurs due to time delay. We now
verify the remaining two kinds of delay induce
dynamics.

(a) If a3 > a4, no positive w is obtained. Hence, the
interior equilibrium remains stable for any 7> 0.

(b) If a3 <ay, exactly one positive w is obtained.
Hence, the interior equilibrium alters its stability for
some 7, and the revised dynamics mode will persist for
further increasing values of 7.

We would like to verify through numerical examples
if the above two situations are possible.

Example 3.1. Equilibrium remains stable irrespective of
the time delay.

Let us take the parameters a =2, b =0.04, c =1,
d =3,f = 6,m =40, and m, = 1 with an intraspecific
competition coefficient y = 1. The interior equilibrium
is (49.908, 0.3306), and correspondingly,
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a, = 2.3248, a3 = 0.6593, a4, = 0.0054. Clearly,
asz>ay4, and hence, no positive w, exists. Hence, the
unharvested system remains stable for all time delays.

Example 3.2. Equilibrium experiences instability due to
time delay

Changing the value of y in the previous example from
y=1to y=0.01, we get the interior equilibrium as
(44.9007,17.3170). Here a; = 1.8613, a3 =
0.2923, a4 = 0.3049 (a3 <as). We get the roots
w? = 0.0026, —2.8824. Hence, only one positive w
exists and a stability change takes place in the model.
The critical value of time delay where Hopf bifurcation
occurs is calculated to be 7o = 5.3825. The coexisting
equilibrium remains locally stable for all 7<5.3825 and
remains unstable for all 7>5.3825. To show the differ-
ent stability behavior with varying time delay, we have
provided two phase diagrams in Figure 1.

The above two examples demonstrate that the con-
ditions, we have proposed, are not absurd. Later, we will
recall few of the earlier reports where conditions are
stated arbitrarily as they never be satisfied for the inves-
tigated models.

The RMI model produces two kinds of stability beha-
viors. Obviously, the invariance property of asymptotic
stability, for all time >0, is the result of intraspecific
competition.

Furthermore, it is observed that when the intraspe-
cific competition is reducing, the delayed RMI model is
merging with the RM model, as can be seen from the
example above.

Since the above three models do not experience sta-
bility switching, we can think that this switching phe-
nomenon is a consequence of Beddington-DeAngelis
functional response, or a combined effect of functional
response as well as intraspecific competition among
predators.

3.4. Delayed BDI model

The delayed BDI model is the given general predator—
prey model (1). As before, the characteristic equation is
given by (5). Now, we examine the roots of the equation
(9) by making use of equation (10), which aregiven as

1
a)zzz {(aé—a?+2a3):t\/(a%—a%+2as)2—4(a§_ai) .
(19)

We first show that both a — a} 4 2a; and a3 — aj can-
not be positive simultaneously. Let us suppose that a —
a? +2a3>0 and a? — a3>0. Then,



890 e B. BARMAN AND B. GHOSH

125

Predator

Predator

1.05 L L L L L
0.15 0.2 0.25 0.3 0.35 0.4

Prey

0.7

Prey

Figure 1. We assume the parameter set to be a=1,b=0.6, c= 0.6, d =0.02, f = 0.1, m; = 0.8, m; = 0.2 and y = 0.01. The
critical time delay is found to be 7o = 5.3825. (a) For T = 5 <1y, the initial prey—predator (0.4,1.1) (indicated in red star) tends
towards the coexisting equilibrium (0.2727,1.1911). (b) On the other hand, the same initial condition moves towards a limit cycle,
and hence, the coexisting equilibrium (0.2727,1.1911) (indicated with green dot) becomes unstable when 7 = 6> 1.

@ — aj +2as = (Siy")’ — (px" + Soy*)? + 2pSpx"y*
= (")’ (St = 83) — (px*)*>0
yields (y*)*(S} — $3)> (px*)*.

Hence S; > S,.

But

& — @ = (pSx'y" ) — (81 — ar)P(x'y") >0 (20)

gives (p82)2 > (pS1 — qr)z, (21)

which is a contradiction since S; > S, with r <0.

This ensures the non-existence of two positive w.
Henceforth, the switching of stability is not possible in
this model. We now show that other two delay-induced
dynamics are possible in this general model under the
following conditions:

(a) If a3 — a? + 2a3 <0 and a2 — a3 >0, no positive w
is obtained. Hence, the interior equilibrium remains
stable for any 7>0.

(b) If a3 — a3 <0, exactly one positive w is obtained.
Hence, the interior equilibrium alters its stability for
some 7 and the revised dynamic mode will persist for
further increasing values of 7.

The corresponding critical time delays for the posi-
tive w, are given by

1
77 = —arccos

i s

a;;(wi —az) — alazwi) 2jm
(a3w?) + aj

We verified that the transversality condition yields
a positive sign for the above critical delays.

An equality condition (a2 — a2 + 2a3)* = 4(a} — a2)
along with a? — aj 4 2a;>0 is stated by [42] for the
occurrence of instability. However, our condition for
instability is slightly different. The equality condition
does not hold because a3 — a3 and a3 — a? + 2a3 cannot
have positive sign simultaneously. Also some research-
ers might think that existence of two positive w’s
induces stability switching. Recent investigation by
Barman and Ghosh [36] showed that two positive w’s
may produce only instability, but not stability switching.

The above information, for the BDI model, can be
illustrated by numerical examples as follows .

Example 3.3. Equilibrium remains stable irrespective of
the time delay.
Taking the parameter set a=1, b =4.6, c= 1.5,

d=0.05 y=2 f=15 m=1 m;=1, and
m3 =0.2, we get the interior equilibrium
(0.1920,0.0939).  The  numerical  values  of

a; = 1.0530, a, = 0.0036, a3 = 0.1625, a4 = 0.02613.
Here, a3 —al+2a; =—0.7837<0 and a}—d}=
0.0257>0 are satisfied as mentioned in (a).
Henceforth, we get two negative values, w*=
—0.0343, —0.7493 . Thus, the system remains stable
for any value of time delay .

Example 3.4. Equilibrium experiences instability with
unique positive w

Taking the same parameter set as in the previous case,
except the change of y = 2 to y = 0.1, we get the interior
equilibrium as (0.0787,0.5014) and the numerical values
of a; = 0.3696, a, = 0.0085, a5 = 0.0160, a, = 0.0572. Here,
a3 — aj = —0.003 < 0. Thus, we get the values of the two
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Figure 2. Under the parameter settinga=1,b=4.6,c=1.5,d=0.05,y=0.1,f=15 m =1, my =1, and m; = 0.2, we
calculated 7y = 9.5103. (a) The trajectory starting with the initial condition (0.01,0.08) (indicated with red star) tends towards the
coexisting equilibrium (0.0787,0.5014) when 7 =9<T1g. (b) However, the trajectory starting with the same initial condition
converges towards the limit cycle for T = 10> 15. Hence, the equilibrium (indicated with green dot) is unstable.

w? as 0.0235 and —0.1281, which implies that stability
change exists in the system. The critical value of time
delay where Hopf bifurcation occurs is 7o = 9.5103. We
provide the phase portrait diagrams in Figure 2 for two
different values of time delay.

By and large, we observed that RM and BD models
only produce instability for some critical time delay.
However, RMI and BDI models not only induce
instability, but also can maintain asymptotic stability
of the equilibrium for any 7> 0. Either model, we have
proposed, does not show stability switching under any
parameter space.

4. Dynamics of delayed model under
harvesting

We established that a system may be either at stable
steady state irrespective of the time delay, stable for
smaller values of time delay or in unstable mode for
relatively larger time delay. We would like to examine
the change in dynamic mode with a fixed time delay but
varying harvesting rate.

The delayed predator—-prey model with Beddington-
DeAngelis functional response under harvesting of both
the species is given as

. o o _ C}/ _
X fx(a bx —m1+m2x+m3y) Ex,

fx(t—1)

' (22)
y = y(*d —w+ m1+m2x(t7‘l’)+m3)’([*"')) — By,

where E; and E, are the efforts of prey and predator
harvesting, respectively. For simplicity, we assumed the
harvesting coefficients as unity. Instead of setting the
efforts in the model (1), one can explore the harvesting
results by reducing (increasing, respectively) the value
of a (d, respectively) for prey (predator, respectively)
harvesting. However, parameters including a and d in
the ecological model have intrinsic property. Hence, we
should vary the efforts as the control parameters.
Therefore, setting such efforts in any ecological model
is biologically justified.

First, we investigate the system dynamics under prey
harvesting for all the four models followed by predator
harvesting, fixing the time delay constant.

4.1. Prey harvesting

In this case, E; = 0 and the prey harvesting effort lies
between 0 and (a — bdm, /(f — dm;)) for coexistence of
interior equilibrium. All the different scenarios for the
four different models are given in the succeeding
subsections.

4.1.1. Prey harvesting in RM model

The RM model always produces non-equilibrium
dynamics under time delay. We would examine if har-
vesting can stabilize (destabilize, respectively) the steady
state when the unharvested system with time delay is at
non-equilibrium (stable steady state, respectively)
mode. For arbitrary effort on prey species, we can obtain
the similar expression (as discussed for RM model) of
the critical value of time delay causing Hopf bifurcation.
It seems impossible to find the threshold values of E; for
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Hopf bifurcation by fixing the time delay as constant
because no explicit value of effort can be determined
from equation (13). Therefore, for each fixed effort, we
compute critical time delay 7o for understanding har-
vesting influences. Let us take a =1, b = 0.6, ¢ = 0.6,
d=0.02, f =0.1, m; = 0.8, and m, = 0.2 for further
illustration of the harvesting impacts. Then, the effort of
harvesting will lie in the range [0,0.9) in order to main-
tain species coexistence. With the help of equation (13),
we found the variation of 7¢(E;) in the E; — 7 plane.
Figure 3(a) shows two region separated by 7¢(E;). The
lower (upper, respectively) one is the region of stability
(instability, respectively). We have verified that 7(E; ) is
an increasing function of E; and has asymptote at E; =
0.9. The existence of such an asymptote can be visible if
the curve is drawn for an extended r-axis. We observe

that harvesting does not alter asymptotic stability when
the time delay in the unharvested model is very small
(for example, 7 =1). On the other hand, harvesting
always stabilizes the non-equilibrium dynamics, which
was in unstable mode in the unharvested system due to
time delay. Because of the asymptotic nature of 7o (E; ), it
is always possible to stabilize the system even if the delay
is larger in the unharvested system. For a better expla-
nation, we draw phase portraits corresponding to
Figure 3(a) in understanding the stability change due
to harvesting. As discussed earlier, we keep 7 = 8 fixed
(delay is an intrinsic parameter) and vary only the effort.
We choose two coordinates (E;,7) = (0.1,8) and
(E1,7) = (0.6,8), which belong to unstable and stable
regions in Figure 3(a), respectively. In Figure 4(a)
[Figure 4(b), respectively], it is shown that the
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Figure 3. The common parameters for generating the figures are chosen as b = 0.6, c=0.6, d =0.02, f = 0.1, m; = 0.8 and
my = 0.2. (a) Taking a = 1, the variation of Ty with respect to effort is shown. (b) With a = 5, we have plotted 7o (E7), which decreases

for smaller effort and then increases for relatively larger effort.
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Figure 4. The parameters are the same as those we considered for Figure 3(a) with 7 = 8. (a) The trajectory starting at the initial
condition (0.15,0.7) (indicated in red star) moves away from the coexisting equilibrium (0.1666, 1.1111) (indicated in green dot) and
converges towards a limit cycle when £, = 0.1. (b) When E; = 0.6, the solution with the same initial condition (0.15,0.7) tends

towards the equilibrium (0.1666, 0.4166).



coexisting equilibrium is an unstable focus (a stable
focus, respectively) when (E;,7) = (0.1,8)
[(E1, ) = (0.6,8), respectively].

We would like to recall the result by Martin and Ruan
[8] who suggested that harvesting of prey can stabilize
the system in an RM type model if the equilibrium is
unstable due to time delay. However, they concluded it
by computing the trajectories of the model ODEs for
a particular harvesting quota. Similar strategy with con-
stant effort is also adapted by Kar and Ghorai [38] in
a predator—prey model. However, we have a more gen-
eral approach that will help in determining the
dynamics mode for any harvesting effort. Fortunately,
the outcomes by Martin and Ruan [8] and Kar and
Ghorai [38] are correct in their respective models, but
the techniques might not address the correct results for
other situations. Based on their reports, one might think
that a stable system remains stable under harvesting.
Yes, it is certainly true as can be seen from Figure 3(a).
However, the set of parameters with changed value of
a = 5 produces the curve 7((E;) which is a decreasing
function for smaller effort [see Figure 3(b)]. In this case,
the effort of harvesting lies in the range [0, 4.9). If the
equilibrium of the unharvested system is stable for
smaller delay (7 = 0.5), smaller harvesting effort can
destabilize the equilibrium and further increase of effort
can stabilize the dynamic mode. Hence, a switching of
stability occurs due to prey harvesting.

It is interesting to note that Barman and Ghosh [36]
concluded that harvesting cannot stabilize a system
when the non-equilibrium dynamics occurs for larger
time delay prior to harvesting. They developed the
model by incorporating time delay in the logistic prey
growth. The region of stability in their analysis was
bounded. However, in this case, the region of stability
is unbounded due to the asymptotic nature of 7¢(E;),
which leads to harvesting induced stability. Thus, influ-
ences of harvesting depends upon the nature of the
unharvested system.

4.1.2. Prey harvesting in BD model

Like the RM model, the BD model also experiences the
similar dynamics due to time delay. We would be
interested to verify if harvesting induces similar stabi-
lity behavior in the BD model, which was observed in
the RM model. The same approach, we explained for
the RM model, can be adopted to analyse the BD
model as well for realizing the harvesting influences.
We select the same parameter set that was used to
generate Figure 3(a) for the RM model with varying
ms. It is to be noted that the maximum limit of effort
E; = 0.9, in order to population persistence, does not
depend upon the values of mj;. We perform the
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experiments for ms; = 0.3,0.8 and 3, which generate
three curves for 7o(E;) in Figure 5(a,b,c), respectively.
Each curve divides the E; — 7-plane into two parts: the
lower one is stable and the upper one is unstable. It is
to be noted that smaller and larger values of mj pro-
duce similar kind of curve, which are increasing with
effort. However, the curve has a valley when m; takes
some intermediate value. Clearly, a stable state incor-
porating time delay in the unharvested system does not
change its dynamics when prey is harvested under
certain parameter space [see Figure 5(a,c)]. However,
Figure 5(b) shows that a stable steady state can achieve
instability for some intermediate effort, and then,
further increase in effort can stabilize the equilibrium.
Hence, a stability switching occurs due to effort. We
recall that no stability switching is possible due to time
delay in RM and BD models. Therefore, the influence
of harvesting effort and time delay should be studied
explicitly. We have noticed that the influence of prey
harvesting differs between RM and BD models.

4.1.3. Prey harvesting in RMI model
Unlike the delayed RM and BD models, the RMI model
experiences two types of stability nature under varying
7. The coexisting equilibrium may either be (i) stable for
all 7 or (ii) stability change occurs beyond some critical
7. We investigate if harvesting have any effect on the
nature of the system when 7 is fixed in the unharvested
system. We take the first parameter set a =1, b = 0.6,
c=0.6 d=0.02, f=0.1, m =0.8 and m, =0.2,
which was chosen for the RM model. Intraspecific com-
petition coeflicient y is varied to establish two kinds of
dynamics of the RMI model before harvesting. It is
observed that, for 0 <y <0.1, the quantity a; <ay (see
the expression in Example 3.2), which ensures the exis-
tence of a positive w. Thus, there is a critical value of T
below which the coexisting equilibrium of the system
remains stable and beyond which the coexisting equili-
brium becomes unstable. A Hopf bifurcation occurs at
the critical delay. When y is increased beyond y = 0.1,
the quantity a;>ay4, which indicates the absence of
positive w. Hence, the unharvested system remains
stable irrespective of the delay parameter. The conse-
quences of harvesting on both the cases are now
addressed separately.

Case I: When the unharvested system undergoes delay
induced bifurcation

Since for y<0.1, the system undergoes stability
change due to time delay, we take y = 0.05 to observe
the dynamics under harvesting. The nature of the curve
7= 1¢(E;) is shown in Figure 6(a). The harvesting
impacts, here, are similar to the ones found in the RM
model. However, it is observed that same harvesting
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Figure 5. The variation of 1y with respect to effort is shown. The
parameters are chosen as a=1, b=0.6, c=0.6, d = 0.02,
f=0.1, m =0.8, and m, = 0.2 with (@) m3 = 0.3, (b) m3 =
0.8 and (c) m; = 3. The qualitative nature of 1(E;) is the same
for (a) and (c), whereas the curve in (b) has a unique minimum.
The existence of a minimum makes the difference in dynamics
when the prey is harvested.

effect still persists for any values of y<0.1. We also
investigate if any different nature can be observed with
the change in the parameter set. We replace a = 5 and

y=0.01 in the existing parameter set. Calculation
yields that a; <a4 in the unharvested system. Figure 6
(b) depicts the dynamics with varying effort, which
produces a stability switching under harvesting.

Case II: When the unharvested system remains stable
for all time delay

Here, we focus on the case when y>0.1. Since the
equilibrium of the unharvested system is asymptotically
stable irrespective of time delay, a natural question
arises whether stability is preserved irrespective of har-
vesting effort too.

Taking the intra-specific competition co-efficient y =
0.12 in the unharvested system, we observe that a; > a,.
So, the unharvested system remains stable irrespective
of the time delay. With a change in the effort of harvest-
ing, the coexisting equilibrium does not maintain its
stable behavior for all 7. For some 7 (say 7 = 100), the
system maintains its stability for all effort, but there
exists some range of 7 (7 = 500 belongs to the range)
for which stability switching takes place (see Figure 7).
Thus, harvesting induces stability switching for some
range of delay.

However, when we take y = 0.3, the unharvested
system vyields two negative w”’s. The introduction of
harvesting does not change the sign of the two w?s.
Hence, harvesting has no influence on altering the sta-
bility of the system under any constant time delay. It
also suggests that a larger intraspecific competition coef-
ficient is favourable to preserve the stability of the
equilibrium.

4.1.4. Prey harvesting in BDI model

Two typical scenarios under harvesting, as found for the
previous three models, are also possible for the BDI
model (see Figure 8). We would be more interested in
the situation when the coexisting equilibrium in the
unharvested system is stable irrespective of the time
delay. Taking the parameter set as a=1, b= 0.6,
c=06, d=0.02, f =0.1, m; =0.8, my =0.2, and
ms = 0.3 (parameters taken for BD model) along with
y = 0.09, we get a stable equilibrium of the unharvested
system for all 7. However, harvesting can bring about
stability switching for some range of 7, which is similar
to the case found in the RMI model (see Figure 7). By
choosing y =1, we find that the equilibrium of the
unharvested system remains stable for all 7. Further
change in effort does not change the stability nature of
the coexisting equilibrium. Hence, the system remains
stable for all effort under any fixed time delay.
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Figure 6. The curves T = 14(E;)s are shown as functions of effort. (a) The parameter set is the same as the parameters taken for
Figure 3(a) along with y = 0.05. (b) It is to be noted that the curve does not touch the E; axis. The parameter set is same as the

parameters used for Figure 3(b) along with y = 0.01.
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Figure 7. The system remains stable up to some effort for
smaller values of 7. When the effort is increased, the system
experiences stability switching.

4.2. Predator harvesting

In the case of predator harvesting, we set E; = 0 in the
system (22). The effort of harvesting E, follows the
inequality:

0<E2<f7a_d’
mya + bmy

for the existence of interior equilibrium.

Like the prey harvesting, we investigate the system
dynamics under predator harvesting for each model. It
can be seen that many results are qualitatively similar to
the ones we obtain for prey harvesting. Therefore, we
will briefly explain and present the results here.

4.2.1. Predator harvesting in RM model

To study the influence of predator harvesting, we recall
the same parameter sets taken for the RM model under
prey harvesting. The effort of predator harvesting lies in
the range (0,0.1271) for the parameter set associated
with Figure 3(a). This parameter set generates Figure 9
(a). On the other hand, the effort range becomes
(0,0.3178) corresponding to the parameter set chosen
for earlier Figure 3(b). The curve 7 = 7¢(E,) depicting
the stability and instability regions is given in Figure 9
(b). Thus, we can obtain both the dynamic modes for
predator harvesting, which were found for prey harvest-
ing too.

4.2.2. Predator harvesting in BD model

We take the same parameter sets taken previously for
the prey harvesting in the BD model to compare our
results with the predator harvesting. The curve 7 =
70(E) in Figure 10(a,b) depicts two different natures
of two different values of ms.

4.2.3. Predator harvesting in RMI model
The effects of predator harvesting are categorized into
two cases:

Case I: When the unharvested system experience sta-
bility change with varying time delay

A similar phenomenon can be observed under pre-
dator harvesting as explained for prey harvesting. For
a lower range of time delay, effort of harvesting brings
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Figure 8. (a) The parameter set is the same as the parameters taken for Figure 5(a) along with y = 0.01. (b) The parameter set is the
same as the parameters used for Figure 5(b) along with y = 0.01.
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Stability switching may occur under harvesting.
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parameter set is the same as the parameters used for Figure 3(b).

200

100
Unstable region

50

Stable region

150

Unstable region

Stable region

0 L L L L L

0 L L L

0 0.02 0.04 0.06 0.08 0.1

E,

0.12 0 0.02 0.04 0.06

E,

0.08 0.1 0.12

Figure 10. (a) The parameter set is the same as the parameters associated with Figure 5(a). Stability change takes place in the system
under harvesting for some fixed higher value of 7. (b) The parameter set is the same as the parameters used for Figure 5(b). Stability
switching occurs under harvesting.
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Figure 11. (a) The parameter set is the same as the parameters taken for Figure 3(a) along with y = 0.01. The unstable equilibrium of
the system with larger time delay (for example, T = 20) can be stabilised by some suitable choice of harvesting effort. (b) The
parameter setisa =5,b=0.6,c = 0.6,d = 0.02, y = 0.005, f = 0.1, m; = 0.8, and m, = 0.2 with effort in the range (0,3178). In
this case, a stability switching occurs due to harvesting when the fixed time delay is relatively smaller (for example T = 0.5).

about no change in the stability of the equilibrium [see
Figure 11(a)]. The unstable equilibrium in the unhar-
vested system due to relatively larger time delay can be
stabilized by some effort. However, it can be observed in
Figure 11(b) that the system, incorporating intermediate
delay, experiences stability switching under harvesting.

Case II: When the unharvested system remains stable
for all time delay

The equilibrium for the parameter seta = 1, b = 0.6,
c=0.6,d=0.02y=03f=0.1,m =0.8 and my =
0.2 does not have any effect on changing the stability
due to time delay. We find that the effort of harvesting,
lying in the range (0, 0.1271), does not alter the stability
of the system. Even if y = 0.12, predator harvesting does
not destabilize the equilibrium. We noticed that for the
same parameter set, prey harvesting caused stability
switching (see case II in Subsection 4.1.3). Therefore,
prey and predator harvesting may have very different
impacts in predator-prey models.

4.2.4. Predator harvesting in BDI model

The effects of predator harvesting, for the case where the
unharvested system experiences stability change due to
time delay, are similar under predator harvesting in the
RMI model. Hence, we are not providing the details
here. We are now interested in the case where the
unharvested system is stable for all time delays.

8000 T T T T T T T

7000

6000

5000

Unstable region
& 4000

3000
2000 b

Stable region
1000 4

0
0.106 0.108 0.11 0.112 0.114 0.116 0.118 0.12 0.122 0.124 0.126

E,

Figure 12. The parameter set is the same as the parameters
taken for Figure 5(a) along with y = 0.09. For t = 2000, no
effort of harvesting can destabilize the equilibrium. However,
when T = 3000, harvesting induces a stability switching.

Figure 12, depicts the case where the coexisting equili-
brium is stable prior to harvesting. Obviously, predator
harvesting, in the present situation, can bring about
stability switching when time delay 7 = 3000 fixed. It
can be noted that for y = 0.1 in the parameters taken,
the system has no influence of harvesting on its stable
state.
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5. Discussion

In this paper, we have revealed several dynamics in
a class of population dynamics models caused by time
delay and harvesting strength. We have identified the
ecological factors involved in models producing variety
in the results. Four different models, viz., RM, BD, RMI,
and BDI models, incorporating the time delay in the
functional response were analyzed. First, we focused on
exploring delay induced dynamics in the systems without
harvesting activity. It was found that the stable steady
state of the RM model certainly experiences instability
when the time delay is increased. This result synchro-
nizes with the one stated by Martin and Ruan [8]. Next,
we have proved that the same dynamics occurs in the BD
model under changing time delay. It indicates that
Beddington-DeAngelis functional response in the BD
model does not have any influence on the production
of distinct dynamics compared to the Holling-type func-
tional response in the RM model. However, the delay has
two different effects on the RMI model:

1. Under certain parameter space, the equilibrium is
always stable for all time delay 7>0 (see Examples 3.1).

2. The model may exhibit delay-induced instability
(see Examples 3.2).

Therefore, the delay-induced outcomes are not
exactly similar with RM and BD models. We can now
claim that the invariance asymptotic stability property
of the equilibrium for all delay values is the influence of
the crowding factor (density dependent mortality)
among predators. We have also reported similar obser-
vation for the BDI model as well.

Li and Takeuchi [42] suggested that stability switching
may occur in the BDI model. We have analytically proved
that no switching of the stability phenomenon is possible
in the BDI model. We would like to recall that delay in the
logistic prey growth function can generate stability switch-
ing in population dynamics models (see [8,36] and refer-
ences therein). Here, we have established that, when the
delay is incorporated in the numerical response, no switch-
ing phenomenon can be noticed under varying time delay.

Second, we moved on to investigate the dynamics
when prey harvesting is imposed on the models with
time delay kept fixed. RM and BD models showed one of
the following dynamic modes:

1. The stable equilibrium of the unharvested system
with smaller time delay stays stable under harvesting.

2. Harvesting causes switching of stability in the
system with intermediate values of time delay.

3. Unstable system involving larger time delay can be
stabilized for increasing effort.

Similar observations were also detected in RMI and
BDI models under prey harvesting. However, persis-
tence of stability for all time delay is also possible for
these two models, prior to harvesting. The impact of
prey harvesting was discussed for this situation. We
found a parameter set where harvesting does not change
the asymptotic stability of the equilibrium irrespective
of the time delay in the unharvested model (see Case II
of Subsection 4.1.3). Also, stability switching may
appear due to harvesting (see Figure 7). We would like
to emphasize that the first situation, i.e., the invariance
stability property irrespective of delay and harvesting,
was not observed in predator-prey models involving
time delay in logistic prey growth [36].

In all the models, larger effort on prey species always
stabilized the equilibrium, regardless of the value of time
delay in the unharvested system, as the T = 7¢(E;) curve
has an asymptote. It was not certain to stabilize the
equilibrium under prey harvesting, when the time delay
was present in the logistic growth function, as discussed
by Barman and Ghosh [36]. There exist situations in
which the system remains stable for all effort, but har-
vesting brings about switching of stability. In all the cases
of prey harvesting, it ascertains that harvesting effort
ultimately leads to stability in the system.

To gain complete knowledge, we further examine the
effects of predator harvesting. Like the prey harvesting,
predator harvesting causes three possible dynamics: (i)
stable equilibrium stays stable, (ii) unstable equilibrium
alters the stability nature and (iii) switching of stability
takes place. In all models, equilibrium becomes stable
for a sufficiently large effort in predator harvesting as
well. However, it turns out that predator harvesting in
the RMI model does not always have the same impact
found for prey harvesting. For example, Case II in
Subsection 4.2.3 showed that predator harvesting does
not have any effect in destabilizing the equilibrium, but
prey harvesting under the same set of parameters causes
stability switching. Henceforth, it indicates that prey
and predator harvesting do not always produce the
same impacts under same natural conditions of the
unharvested system. Kar and Pahari [39] reported that
when harvesting effort is increased either on the prey or
predator in the RM model, the stabilizing effect is also
increased. We have identified a parameter space where
the outcome could be different [see Figure 3(b) and
Figure 9(b)]. Ghosh et al. [34] have stated that in a non-
delayed RM model, predator harvesting cannot induce
stability ~ switching. However, we have found
a parameter space for which the delayed RM model
undergoes a stability switching under predator



harvesting. Overall, scrutinizing all the possible circum-
stances under both prey and predator harvesting, it can
be concluded that regardless of the population being
harvested or the value of time delay, harvesting brings
about stability in the system before the critical effort is
reached. As an additional information, one may con-
sider the combined harvesting effort (E; = E; = E) to
examine the impact of harvesting. In this case, the
resultant dynamics under harvesting could be similar
with the dynamics of either prey-oriented or predator-
oriented harvesting. Therefore, the obtained results
under a joint harvesting are expected to belong to one
of the dynamical behaviors we have demonstrated ear-
lier for individual harvesting strategy.

6. Conclusion

In all the four models, time delay is incorporated in the
numerical response function. We conclude that time delay
always destabilizes the coexisting equilibrium in RM and
BD models, while the equilibrium maintains its local sta-
bility in RMI and BDI models. We have identified that the
latter outcome in RMI and BDI models is the influence of
strength of intra-specific competition among predators.
Analytically, we also proved that delay-induced stability
switching never occurs in either model when time delay is
present in numerical response function. We have uncov-
ered the impacts of harvesting in the delayed system. It is
observed that harvest-induced stability results may be
different for prey and predator exploitations. However,
relatively larger effort on prey or predator must stabilize
the equilibrium. Although time delay could not exhibit
stability switching, harvesting of prey or predator may
have potential to produce stability switching.

The stability switching phenomenon is commonly
experienced by many population models with interesting
ecological interpretations. Very recently, Bajeux and
Ghosh [49] have explored the hydra effects and stability
switching in a two-patch continuous predator—prey system
without time delay. Stability switching occurs for varying
delay when a single discrete delay is incorporated in logis-
tic growth for prey species [21,36] or in dispersal of popu-
lations [14,50]. Population models with multiple delays
[51] often causes stability switching. In our current study,
time delay in numerical response could not produce any
stability switching. However, we have considered a limited
number of functional/numerical response functions.
Therefore, a question must arise whether stability switch-
ing and many more delay-induced complex dynamics are
possible due to a single time delay with some other pro-
posed functional/numerical response functions in ecology.
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As a future perspective, it is important to identify such
predator-prey models with a single time delay to unveil
new and interesting delay-induced dynamics.

Acknowledgments

B.B. expresses gratitude to the MHRD, Government of India,
for its financial assistance to pursue her PhD. B.
G. acknowledges the financial support received from SERB,
Government of India, under Core Research Grant (Ref. No.
CRG/2020/005621). We are thankful to the esteemed
reviewers, and Prof. Jie Shen, the Editor-in-Chief, for their
valuable comments and suggestions, which helped in improv-
ing the work.

Disclosure statement

No potential conflict of interest was reported by the author(s).

Funding

This work was supported by (i) the Ministry of Human
Resource Development (MHRD) and (ii) Science and
Engineering Research Board (SERB) [File No.: CRG/2020/
005621].

Notes on contributors

Ms. Binandita Barman is working as a research scholar in the
Department of Mathematics,National Institute of Technology
Meghalaya, India. She did her M.Sc from Tezpur University,
India in 2015. Her research interest includes Delay
Differential Equations and Theoretical Ecology. She has four
articles published in Chaos, Solitons, and Fractals (Elsevier),
Ecological Complexity (Elsevier), and International Journal of
Modeling and Simulation (Taylor & Francis).

Dr. Ghosh is an Assistant Professor of Mathematics atIndian
Institute of Technology Indore, India. Earlier he had worked as
an Assistant Professor at the Department of Mathematics,
National Institute of Technology Meghalaya, India. He com-
pleted his MSc in Applied Mathematics from The University
of Burdwan, and PhD in Nonlinear Dynamics and
Mathematical Biology from Indian Institute of Engineering
Science and Technology, Shibpur, India. He worked as a
short- and long-term researcher in France, Taiwan, and
Russia. His area of research includes Mathematical Biology,
Dynamical Systems, Delay and Fractional Differential
Equations, Numerical Analysis, etc. He has published several
articles in international journal of repute. He is guiding PhD
scholars and postdoctoral researchers. He is also involved in
several national and international projects.

ORCID

Bapan Ghosh (%) http://orcid.org/0000-0002-5006-2440



900 e B. BARMAN AND B. GHOSH

References

[1]

(2]

(10]

(11]

[12]

(13]

(14]

[15]

[16]

(17]

Panja P. Dynamics of a fractional order predator-prey
model with intraguild predation. Int ] Model Simulat.
2019;39(4):256-268.

Perumal R, Munigounder S, Mohd MH, et al. Stability
analysis of the fractional-order prey-predator model
with infection. Int ] Model Simulat. 2020;Online
First:1-17. DOI:10.1080/02286203.2020.1783131.
Mukherjee D. Dynamical study of non-integer order
predator-prey system with fear effect. Int ] Model
Simulat.  2021;0nline  First:1-9.  DOI:10.1080/
02286203.2021.1926049

Panja P. Combine effects of square root functional
response and prey refuge on predator-prey dynamics.
Int J Model Simulat. 2020;Online First:1-8.
DOI:10.1080/02286203.2020.1772615

Beddington JR. Mutual interference between parasites
or predators and its effect on searching efficiency.
J Anim Ecol. 1975;44:331-340.

DeAngelis DL, Goldstein R, O’neill R. A model for
tropic interaction. Ecology. 1975;56(4):881-892.
Kuang Y. Delay differential equations: with applications
in population dynamics. Vol. 191. Academic press; 1993.
Martin A, Ruan S. Predator-prey models with delay
and prey harvesting. ] Math Biol. 2001;43
(3):247-267.

Li XG, Chen JX, Niculescu SI, et al. New insights in
stability analysis of delayed Lotka-Volterra systems.
] Franklin Inst. 2018;355(17):8683-8697.

Li L, Shen J. Bifurcations and dynamics of a predator—
prey model with double Allee effects and time delays.
Int J Bifurcation Chaos. 2018;28(11):1850135.

Liu J. Bifurcation analysis of a delayed predator-prey
system with stage structure and Holling-II functional
response. Adv Differ Equations. 2015;2015(1):208.
Wan H, Jiang H. Dynamical behaviors of a
predator-prey system with prey impulsive diffusion
and dispersal delay between two patches. Adv Differ
Equations. 2019;2019(1):191.

Sun G, Mai A. Stability analysis of a two-patch preda-
tor-prey model with two dispersal delays. Adv Differ
Equations. 2018;2018(1):373.

Barman B, Ghosh B. Dynamics of a spatially coupled
model with delayed prey dispersal. Int ] Model Simulat.
2021;Online First:1-15. DOI:10.1080/
02286203.2021.1926048

Chen F, You M. Permanence, extinction and periodic
solution of the predator-prey system with Beddington-
DeAngelis functional response and stage structure for
prey. Nonlinear Analysis: Real World Applications.
2008:9(2):207-221.

Liu J. Dynamical analysis of a delayed predator-prey
system  with  modified  Leslie-Gower  and
Beddington-DeAngelis functional response. Adv

Differ Equations. 2014;2014(1):314.

Li H, Meng G, She Z. Stability and Hopf bifurcation of
a delayed density-dependent predator-prey system
with Beddington-DeAngelis functional response.
Int J Bifurcation Chaos. 2016;26(10):1650165.

(18]

(19]

(20]

(21]

(22]

(23]

(24]

(25]

(26]

(27]

(28]

(29]

(30]

(31]

(32]

Dubey B, Kumar A, Maiti AP. Global stability and
Hopf-bifurcation of prey-predator system with two dis-
crete delays including habitat complexity and prey
refuge. Comm Nonlinear Sci Numer Simulat.
2019;67:528-554.

Maiti AP, Dubey B, Chakraborty A. Global analysis of
a delayed stage structure prey-predator model with
Crowley—Martin type functional response. Math
Comput Simul. 2019;162:58-84.

Banerjee ], Sasmal SK, Layek RK. Supercritical and
subcritical hopf-bifurcations in a two-delayed prey—
predator system with density-dependent mortality of
predator and strong Allee effect in prey. BioSystems.
2019;180:19-37.

Anacleto M, Vidal C. Dynamics of a delayed
predator-prey model with Allee effect and Holling
type II functional response. Math Methods Appl Sci.
2020;43(9):5708-5728.

Mondal S, Samanta G. Provision of additional food as
a tool of biological control in a delayed predator-prey
interaction with prey refuge. Int ] Model Simulat. 2021;
Online First:1-25. DO1:10.1080/02286203.2021.1949233
TK K, Uk P. Modelling and analysis of a prey-preda-
tor system with stage-structure and harvesting.
Nonlinear Analysis: Real World Applications. 2007;8
(2):601-609.

Qu Y, Wei J. Bifurcation analysis in a predator-prey
system with stage-structure and harvesting. ] Franklin
Inst. 2010;347(7):1097-1113.

Meng X, Huo H, Zhang X. The effects of harvesting and
time delay on predator-prey systems with Beddington-
DeAngelis functional response. Int J Biomath. 2012;5
(1):1250008.

Zhang G, Shen Y, Chen B. Hopf bifurcation of
a predator—prey system with predator harvesting and
two delays. Nonlinear Dyn. 2013;73(4):2119-2131.
Collera JA. Harvesting in delayed food web model with
omnivory. In: AIP Conference Proceedings; Vol. 1705;
AIP Publishing LLC; Bali, Indonesia.2016. p. 020033.
https://aip.scitation.org/toc/apc/1705/1

Roy B, Roy SK, Gurung DB. Holling-Tanner model
with Beddington-DeAngelis functional response and
time delay introducing harvesting. Math Comput
Simul. 2017;142:1-14.

Pal D, Mahapatra G, Samanta G. New approach for
stability and bifurcation analysis on predator-prey har-
vesting model for interval biological parameters with
time delays. Comput Appl Math. 2018;37
(3):3145-3171.

Caraballo T, Colucci R, Guerrini L. On a predator
prey model with nonlinear harvesting and distribu-
ted delay. Commun Pure Appl Anal. 2018;17
(6):2703-2727.

Liu X, Huang Q. Analysis of optimal harvesting of a
predator-prey model with Holling type IV functional
response. Ecol Complexity. 2020;42:100816.

Jana A, Kumar Roy S. Holling-tanner prey-predator
model with Beddington-DeAngelis functional response
including delay. Int ] Model Simulat. 2020;Online
First:1-15. DOI:10.1080/02286203.2020.1839168


https://doi.org/10.1080/02286203.2020.1783131
https://doi.org/10.1080/02286203.2021.1926049
https://doi.org/10.1080/02286203.2021.1926049
https://doi.org/10.1080/02286203.2020.1772615
https://doi.org/10.1080/02286203.2021.1926048
https://doi.org/10.1080/02286203.2021.1926048
https://doi.org/10.1080/02286203.2021.1949233
https://aip.scitation.org/toc/apc/1705/1
https://doi.org/10.1080/02286203.2020.1839168

(33]

(34]

(35]

(36]

(37]

(38]

(39]

(40]

(41]

Majumdar P, Debnath S, Sarkar S, et al. The complex
dynamical behavior of a Prey-predator model with hol-
ling Type-III functional response and non-linear pre-
dator harvesting. Int J Model Simulat. 2021;Online
First:1-18. DOI:10.1080/02286203.2021.1882148.
Ghosh B, Kar TK, Legovi¢ T. Relationship between
exploitation, oscillation, MSY and extinction. Math
Biosci. 2014;256:1-9.

Ghosh B, Pal D, Legovi¢ T, et al. Harvesting induced
stability and instability in a tri-trophic food chain. Math
Biosci. 2018;304:89-99.

Barman B, Ghosh B. Explicit impacts of harvesting in
delayed predator-prey models. Chaos Solitons Fractals.
2019;122:213-228.

Pei Y, Chen M, Liang X, et al. Model-based on fishery
management systems with selective harvest policies.
Math Comput Simul. 2019;156:377-395.

Kar TK, Ghorai A. Dynamic behaviour of a delayed
predator-prey model with harvesting. Appl Math
Comput. 2011;217(22):9085-9104.

Kar TK, Pahari UK. Non-selective harvesting in prey—
predator models with delay. Comm Nonlinear Sci
Numer Simulat. 2006;11(4):499-509.

Wang Y, Tu Q. Multiple positive periodic solutions for
a delayed predator-prey system with
Beddington-DeAngelis functional response and har-
vesting terms. Ann Univ Craiova-Math Comput Sci
Ser. 2015;42(2):330-338.

Du Z, Chen X, Feng Z. Multiple positive periodic solu-
tions to a predator-prey model with Leslie-Gower
Holling-type II functional response and harvesting
terms. Discrete Contin Dyn Syst Ser S. 2014;7
(6):1203-1214.

INTERNATIONAL JOURNAL OF MODELLING AND SIMULATION e 901

(42]

(43]

(44]

(45]

(46]

(47]

(48]

(49]

(50]

(51]

Li H, Takeuchi Y. Dynamics of the density dependent
predator-prey system with Beddington-DeAngelis
functional response. ] Math Anal Appl. 2011;374
(2):644-654.

Chen X, Wang X. Qualitative analysis and control for
predator-prey delays system. Chaos Solitons Fractals.
2019;123:361-372.

Kot M. Torus bubbling in a discrete-time predator—
prey model. J Differ Equations Appl. 2005;11(4-
5):431-441.

Neverova G, Yarovenko I, Frisman EY. Dynamics of
populations with delayed density dependent birth rate
regulation. Ecol Modell. 2016;340:64-73.

Yousef AM, Salman SM, Elsadany A. Stability and bifur-
cation analysis of a delayed discrete predator—prey
model. Int ] Bifurcation Chaos. 2018;28(9):1850116.
Yousef A. Stability and further analytical bifurcation
behaviors of moran-ricker model with delayed density
dependent birth rate regulation. ] Comput Appl Math.
2019;355:143-161.

Liu Z, Yuan R. Stability and bifurcation in a delayed
predator—prey system with Beddington-DeAngelis func-
tional response. ] Math Anal Appl. 2004;296(2):521-537.
Bajeux N, Ghosh B. Stability switching and hydra effect
in a predator-prey metapopulation model. Biosystems.
2020;198:104255.

Mai A, Sun G, Wang L. Impacts of the dispersal delay
on the stability of the coexistence equilibrium of a two-
patch predator-prey model with random predator dis-
persal. Bull Math Biol. 2019;81(5):1337-1351.

Dubey B, Kumar A. Dynamics of prey—predator model
with stage structure in prey including maturation and
gestation delays. Nonlinear Dyn. 2019;96(4):2653-2679.


https://doi.org/10.1080/02286203.2021.1882148

	Abstract
	1. Introduction
	2. Model overview
	3. Model dynamics under time delay
	3.1. Delayed RM model
	3.2. Delayed BD model
	3.3. Delayed RMI model
	3.4. Delayed BDI model

	4. Dynamics of delayed model under harvesting
	4.1. Prey harvesting
	4.1.1. Prey harvesting in RM model
	4.1.2. Prey harvesting in BD model
	4.1.3. Prey harvesting in RMI model
	4.1.4. Prey harvesting in BDI model

	4.2. Predator harvesting
	4.2.1. Predator harvesting in RM model
	4.2.2. Predator harvesting in BD model
	4.2.3. Predator harvesting in RMI model
	4.2.4. Predator harvesting in BDI model


	5. Discussion
	6. Conclusion
	Acknowledgments
	Disclosure statement
	Funding
	Notes on contributors
	ORCID
	References

